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rameter set that is SI by design. Our method fulfills 
all of these criteria.

Three elements form the basis of our method. First, 
the state populations derived from the equations for 
binding (Eq. 3) and conformational equilibria (Eq. 
16) have a conserved form for receptors with any num-
ber of binding sites: state population = reference state 
population * model parameter(s) * (free ligand con-
centration)b, where b is the number of ligands bound 
to the state in question. Therefore, the total binding 
relation, which is the ratio of sums of these state pop-
ulations, also has a conserved form (Eq. 1) and allows 
binding parameter SI to be treated in a general and 
model-independent fashion. Second, because the 
criteria for structural identifiability assume noiseless 
data, an intrinsically nonlinear problem can be linear-
ized (Fig. 2, A and B). Third, matrix algebraic methods 
can be used to assess the solvability of linear systems 

of equations without performing calculations such as 
computing matrix inverses and are readily adapted to 
questions of parameter SI.

In our method for assessing SI, a system of equations 
is derived from the linearized form of the total binding 
relation. For any model composed solely of binding and 
conformational equilibria and for receptors with any 
number of ligand-binding sites, the matrix representa-
tion of this system has the invariant form: design matrix 
* parameter vector = vector of predicted values (Eq. 4). 
The question of whether the parameters are SI is equiv-
alent to the question of whether the design matrix is 
invertible. The existence of multiple ligation states with 
the same total number of bound ligands (b) produces 
identical columns in the design matrix (Figs. 2 E, 5 C, 
and 8 A), which renders this matrix singular (i.e., non-
invertible). An important advantage of our analytical 
approach over numerical methods is that the cause of 

Figure 8.  Structural identifiability analysis of parameters for two-site, three-conformation binding model (Fig.  7  C, left).  
(A) Matrix representation of system of equations obtained by evaluating linearized binding relation at 11 ligand concentrations x0 
through x10. Dashed black, red, and blue boxes indicate identical columns in design matrix and corresponding parameters in pa-
rameter vector derived from states with zero, one, and two bound ligands, respectively. (B) Reduced matrix equation obtained by 
summing parameters in dashed boxes in A. This operation causes the identical black, red, and blue columns to collapse into a single 
black, single red, and single blue column in the reduced design matrix. (C) General form of reduced matrix equation in B, in which 
model-specific parameters are replaced by model-independent fit parameters {p0, p1, p2}.
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the identifiability failure and its solution are revealed by 
the form of the design matrix. In all cases, the parame-
ter set can be made SI by combining the model param-
eters for each group of states with the same value of b 
into a compound fit parameter, pb. This transformation 
merges each group of identical columns in the design 
matrix into a single column, yielding a reduced, invert-
ible design matrix and a set of SI fit parameters (Figs. 2 
G, 5 E, and 8 C). Because the final matrix equation pro-
duced by this procedure has a canonical form (Figs. 6 
and 9), the SI parameter set can be written down by in-
spection, with no calculations, and with no information 
other than the number of binding sites and whether the 
model includes conformational change.

In summary, we have derived a general strategy for 
generating the largest set of SI parameters for receptors 
with any number of binding sites, without reference to 
a specific physical binding model. The set of SI fit pa-
rameters {p0, p1, …, pn} are the coefficients of powers of 
ligand concentration in the total binding relation (Eq. 
1). The parameters of all models of protein–ligand in-
teraction that consist of any combination of unitary 
steps comprising binding equilibria (Eq. 2) or confor-
mational equilibria (Eq. 16) reduce to this canonical 

form. These very nonrestrictive criteria include virtually 
all physically reasonable binding models. These results 
also provide insight into why total binding data have rel-
atively low power for constraining model parameters: 
the measurement acts as a coarse filter that sorts the 
states of the system into groups according to the num-
ber of bound ligands but does not distinguish between 
the states with a given value of b. Thus, many parame-
ters that relate to the population of specific ligated in-
termediates cannot be estimated individually, but rather 
are folded into fit parameters that contain multiple 
terms. For example, the SI fit parameters for the model 
in Fig. 1 A are equal to the sum of the microscopic site 
binding constants (p1 = KI + KII), and the product of the 
three model parameters (p2 = f KI KII). None of the in-
dividual model parameters can be determined from fit-
ting total binding curves, even in the absence of noise.

Assumptions of our approach to parameter 
identifiability
Our treatment of binding parameter SI incorporates 
several simplifying assumptions. General assumptions 
include the following: (a) Data are from total binding 
measurements performed at equilibrium. (b) Only 

Figure 9.  Canonical form of reduced design matrices for binding models that include multiple protein conformations. (A–D) 
Reduced design matrices for proteins containing two (A), three (B), four (C), or n (D) binding sites.Matrix elements derived from 
states with zero, one, two, three, four, and n bound ligands are color coded black, red, blue, purple, green, and orange, respectively. 
The general form of the matrix elements in all cases is given by Eq. 15, with the row and column numbering ranging from 0 to n.
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models that consist of binding equilibria and conforma-
tional equilibria of the form specified by Eqs. 3 and 16 
are considered. (c) Binding between ligand and recep-
tors containing n distinct (and generally nonidentical) 
ligand-binding sites occurs within a single, aqueous 
reaction phase.

Specific assumptions about the protein include the 
following: (d) All receptors are identical except for dif-
ferences in site occupancy and conformation caused by 
ligand binding (i.e., there are no variations in stoichi-
ometry or posttranslational modifications between re-
ceptors). (e) There are no interactions between 
functional receptors, which eliminates the possibility of 
dimerization of receptors or higher aggregate forma-
tion. (The functional receptors may be oligomeric; our 
assumption is that these oligomers do not interact.) (f) 
Protein is present at sufficiently low concentrations that 
ligand depletion effects (Goldstein and Barrett, 1987) 
are not significant. (g) Protein is present at sufficiently 
low concentrations that complications caused by molec-
ular crowding (Zimmerman and Minton, 1993) can be 
ignored. (This assumption applies to the ligand as well.)

Specific assumptions about the ligand include the fol-
lowing: (h) There is a single ligand species present, and 
all ligand molecules are identical. (i) There are no in-
teractions between ligands that are not bound to pro-
tein. (Interactions between multiple ligands bound to a 
single receptor are allowed.) (j) Ligands bind only at 
the specified sites on the protein: there is no nonspe-
cific binding. (k) Ligands that are asymmetric bind in 
only one orientation in the protein-binding site. (l) Li-
gands bind to only one site at a time (i.e., ligand multiv-
alence is not considered).

An important future direction of this research is to 
explore whether some of these assumptions may be re-
laxed. By properly modeling the effects, our general 
approach to parameter identifiability may be expanded 
to include an even wider range of phenomena. For ex-
ample, we are extending the theory to account for li-
gand depletion (assumption f) and the presence of 
multiple, competing ligand species (assumption h). In 
addition, the single-phase approximation (assumption 
c) may be relaxed by incorporating the formalism de-
veloped by Wells (Hulme, 1992) to treat cases in which 
protein and ligand occupy multiple phases, such as 
aqueous and membrane compartments. Dimerization 
of functional receptors (assumption e) has been treated 
in the hemoglobin literature (Riggs, 1998) and may 
also be incorporated into our approach.

Limitations to inferring mechanism from analysis of 
total binding curves
Quantifying the microscopic site affinities, the magni-
tudes of cooperative interactions between binding sites, 
and possible conformational effects on these parameters 
are important goals of mechanistic binding studies. To 

specify these molecular properties, a total of n * c param-
eters are required if the affinities of all n sites are assumed 
distinct in each of c protein conformations. The number 
of additional parameters required to specify the magni-
tudes of all possible site–site interactions increases rap-
idly as n increases. Thus, models that allow for distinct 
site affinities and cooperative interactions between the 
various sites require large numbers of parameters. In 
contrast, our analysis shows that the maximum number 
of SI parameters supported by equilibrium total binding 
data are smaller: n if the model is composed solely of 
binding equilibria (Eq. 3) and n + 1 if the model also in-
cludes conformational equilibria (Eq. 16). The discrep-
ancy between the number of parameters required by 
detailed mechanistic models and the number that can be 
estimated reliably from experimental data indicates that 
a good fit to total binding data provides almost no infor-
mation about the physical properties of binding sites in 
proteins. This observation may explain the popularity of 
much simpler models such as the Klotz–Adair model 
(Klotz, 1997), which, by distinguishing states based only 
on the total number of bound ligands, requires a total of 
n parameters. The inevitable trade-off required with this 
model is that the parameters are macroscopic association 
constants that do not distinguish between site affinity 
and cooperativity. Identifiability analysis underscores the 
need for other experimental measurements that provide 
stronger parameter constraints, such as equilibrium 
site-specific binding (Di Cera, 1995), binding kinetics, 
and conformation measurements.

Are both SI and PI assessments needed?
Structural identifiability is a necessary but not sufficient 
condition for ensuring that parameters obtained from 
fitting a model to data are accurate and unique (Bell-
man and Åström, 1970; Němcová, 2010). SI is assessed 
assuming ideal conditions (noiseless data) that are 
never achieved in real-world situations. When fitting ex-
perimental data containing noise, it is possible that the 
number of PI parameters may be even smaller than the 
number of SI parameters. Thus, it is natural to question 
whether it is worthwhile assessing parameter SI if pa-
rameter PI (which is the sufficiency condition) is to be 
determined separately.

For the case of total binding parameters, we find that 
the SI assessment is essential; the conclusions reached in 
the PI assessment phase vary depending on whether the 
parameter set is SI. For example, Fig. 1 (C and D, bottom) 
shows that the three parameters of the two-site allosteric 
model (Fig. 1 A) are not SI (and therefore not PI), regard-
less of the degree of resolved structure in the total binding 
curve (Fig. 1, C and D, top). In contrast, the practical iden-
tifiability of the two SI fit parameters for two-site binding 
curves (Fig. 2, G and H) is shown in the companion paper 
(Middendorf and Aldrich, 2017) to depend strongly on 
the amount of resolved structure in the binding curve.
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